This paper studies the existence and uniqueness of a solution to linear quadratic (LQ) mean field social optimization problems with uniform agents. We exploit a Hamiltonian matrix structure of the associated ordinary differential equation (ODE) system and apply a subspace decomposition method to find the solution. This approach is effective for both the existence analysis and numerical computations. We further extend the decomposition method to LQ mean field games.
I. INTRODUCTION
Mean field game (MFG) theory studies stochastic dynamic decision problems involving a large number of noncooperative and individually insignificant agents, and provides a powerful methodology to reduce the complexity in designing strategies [13] . For an overview of the theory and applications, the readers are referred to [4] , [7] , [12] , [14] , [16] , [19] and references therein.
There has existed a parallel development on mean field social optimization where a large number of agents cooperatively minimize a social cost as the sum of individual costs. Different from mean field games, the individual strategy selection of an agent is not selfish and should take into account both self improvement and the aggregate impact on other agents' costs. Mean field social optimization problems have been studied in multi-agent collective motion [1] , [28] , social consensus control [25] , economic theory [26] . Other related literature includes Markov decision processes using aggregate statistics and their mean field limit [11] , LQ mean field teams [2] , LQ social optimization with a major player [17] , mean field teams with Markov jumps [31] , social optimization with nonlinear diffusion dynamics [30] , and cooperative stochastic differential games [34] .
In this paper, we consider social optimization in an LQ model of uniform agents. The dynamics of agent i are given by the stochastic differential equation (SDE):
The state x i and the control u i are n and n 1 dimensional vectors respectively. The initial states {x i (0), 1 ≤ i ≤ N} are independent. The noise processes {W i , 1 ≤ i ≤ N} are n 2 dimensional independent standard Brownian motions, which are also independent of {x i (0), 1 ≤ i ≤ N}. The constant matrices A, B and D have compatible dimensions. Given a symmetric matrix M ≥ 0, the quadratic form z T Mz is sometimes denoted by |z| 2 M . Denote u := (u 1 , · · · , u N ). The individual cost for agent i is given by
x i is the mean field coupling term. The constant matrices or vectors Γ , Q, R and η have compatible dimensions, and Q, R are symmetric. The social cost is defined as
The minimization of the social cost is an optimal control problem. However, the exact solution requires centralized information for each agent. So a solution of practical interest is to find a set of decentralized strategies which has negligible optimality loss in minimizing J (N) soc (u(·)) for large N and the solution method has been developed in [15] under the following assumption: 
Denote Q Γ = Γ T Q + QΓ −Γ T QΓ and η Γ = (I −Γ T )Qη. We introduce the Social Certainty Equivalence (SCE) equation system:
wherex(0) = x 0 is given and s(0) = s 0 is to be determined. We look for (x, s) ∈ C ρ/2 ([0, ∞), R 2n ) (see Definition 2) . If a finite time horizon [0, T ] is considered for (2), s will have a terminal condition s(T ) and Π will depend on time. This results in a standard two point boundary value (TPBV) problem for linear ordinary differential equations (ODEs). Given the infinite horizon, s satisfies a growth condition instead of a terminal condition.
The key result in [15] under (A1) is that if (4)-(5) has a unique solution, the set of decentralized strategieŝ
has asymptotic social optimality. In other words, centralized strategies can further reduce the cost J (N) soc (u(·)) by at most o(N). In fact, [15] constructed a more general version of (4)- (5) where the parameter A is randomized over the population and accordinglyx in the equation of s is replaced by a mean field averaging over the nonuniform population.
A. Our Approach and Contributions
After some transformation, the coefficient matrix of (4)-(5) reduces to a Hamiltonian matrix which can be associated with an LQ optimal control problem with state weight matrix −Q Γ . The connection to such an LQ control problem is remarkable since its state weight may not be positive semidefinite. When Q Γ ≤ 0, existence and uniqueness of the solution has been proved [15, Theorem 4.3] by a standard Riccati equation approach. On the other hand, due to the intrinsic optimal control nature of the social optimization problem, one expects to obtain solvability of the SCE equation system under much more general conditions, which is the focus of this work. Furthermore, our approach allows Q to be indefinite. LQ optimal control problems with indefinite state and/or control weight is a subject of considerable interest [10] , [29] , [32] , [36] .
We develop a new approach to analyze and compute the solution of (4)-(5) for a general Q Γ by exploiting a Hamiltonian matrix structure and the well known invariant subspace method [6] . Specifically, aided by the solution of a continuous-time algebraic Riccati equation (ARE) with possibly indefinite state weight, we decompose the Hamiltonian matrix into a block-wise triangular form where the stable eigenvalues are separated from the unstable ones. To numerically solve the Riccati equation, we apply the Schur method [20] . The approach of decomposing the stable invariant subspace is further extended to solve LQ mean field games; see [3] , [5] , [21] , [23] for related literature on LQ mean field games. The main results of this paper have been reported in [8] , [9] in an early form.
The organization of the paper is as follows. Section II proves existence and uniqueness of a solution to the SCE equation system and develops a computational method. Section III extends the analysis to LQ mean field games. Numerical examples are presented in Section IV. Section V concludes the paper.
II. SOLUTION OF THE SOCIAL OPTIMIZATION PROBLEM

A. Preliminaries on Algebraic Riccati Equations
Let S n ⊂ R n×n denote the set of symmetric matrices, and S n + ⊂ S n the set of positive semi-definite matrices. Our later analysis depends on an invariant subspace decomposition method which involves a class of continuous-time algebraic Riccati equations (ARE) of the form
where A o , Q o , M are given matrices in R n×n with Q o ∈ S n and M ∈ S n + . Note that Q o is not required to be positive semi-definite. Denote the Hamiltonian matrix
Note that the eigenvalues of a Hamiltonian matrix are distributed symmetrically about both the real axis and the imaginary axis [22] . If H o has no eigenvalue on the imaginary axis, the left and right open half planes each contain n eigenvalues.
For a solution X + ∈ S n of (7), X + is the maximal real symmetric solution [18] if for any solution X ∈ S n , X + −X ≥ 0. A (real or complex) matrix is called stable if all its eigenvalues are in the open left half-plane; such an eigenvalue is also said to be stable.
is stabilizable and H o has no eigenvalues on the imaginary axis (i.e., no eigenvalues with zero real parts), then there exists a unique maximal real symmetric solution X + and A o − MX + is stable.
Proof: By Theorem 9.3.1 in [18, p. 239 ], there exists a unique almost stabilizing solution X in S n (i.e., all eigenvalues of A o − MX are in the closed left half plane). Further applying Theorem 7.9.4 in [18, p. 195-196] , we obtain a unique maximal real symmetric solution X + and A o − MX + is stable.
B. The Transformation
Definition 2: For integer k ≥ 1 and real number r > 0,
We introduce the following standing assumption for the rest of this paper.
(SA) (A, B) is stabilizable, R > 0, and H A has no eigenvalues with zero real parts.
Under (SA), we may solve a unique maximal solution Π ∈ S n from (3) such that A − BR −1 B T Π − ρ 2 I is stable. This ensures the construction of (4)- (5) . Note that we do not require Q ≥ 0. Definex = e −ρt/2x ,s = e −ρt/2 s.
We obtain
Note thatη Γ in (10) is a function of t. Since Q Γ is symmetric, H is a Hamiltonian matrix.
C. Existence and Uniqueness of a Solution
Consider the general matrix differential equation
where
and for some C > 0, |ψ(t)| ≤ Ce − ρt 2 for all t ≥ 0, and where z 1 (0) is given.
where F 11 and −F 22 are n × n stable matrices. Let M 1 be an (n + m) × (n + m) real (or complex) matrix which has an n-dimensional invariant subspace V . If V is spanned by the columns of an (n + m) × n matrix whose leading n × n sub-matrix is invertible, V is called a graph subspace [6] , [18] .
Remark 1: A matrix K satisfying (H0) has n stable eigenvalues and the associated n-dimensional stable invariant subspace of K is a graph subspace.
Lemma 4: Suppose K in (12) satisfies (H0). Then for the given z 1 (0), there exists a unique
Proof: For (12), we apply a change of variable to define
We proceed to find a bounded solution y. Since −F 22 is stable, there is a unique choice of
is bounded, which further determines a bounded y 1 regardless of y 1 (0). Using the relation (13) at t = 0, we next uniquely determine
Finally, we obtain z 2 (0) = U 21 y 1 (0) +U 22 y 2 (0), which gives a bounded solution z of (12) on [0, ∞). It can be checked that for some ε 0 > 0, z(t)e ε 0 t is still bounded on [0, ∞). The choice of z 2 (0) is unique since otherwise by (13) we may construct two different bounded solutions y =ŷ, where we necessarily have y 1 (0) =ŷ 1 (0), y 2 (0) =ŷ 2 (0), which is impossible in view of (16) .
The proof of the existence result in the theorem below reduces to showing the stable invariant subspace of H is a graph subspace.
Theorem 5: Assume that the pair (A, B) is stabilizable and the Hamiltonian matrix H in (11) has no eigenvalues with zero real parts. Then there exists a unique initial condition s 0 such that (4)-(5) has a solution (x, s) ∈ C ρ/2 ([0, ∞), R 2n ).
Proof:
Since A is stable, both (A , B) and (A , BR −1 B T ) are stabilizable [33] . Consider the ARE
By Corollary 1, there exists a unique maximal real symmetric solution X + such that A − BR −1 B T X + is stable.
For the special case Q Γ ≤ 0, since A is stable, (17) has a unique positive semi-definite solution X by the standard theory of Riccati equations [33] . On the other hand, by [18, Theorem 9.3.3] , in this case H necessarily has no eigenvalues with zero real parts.
Example 1: Consider a scalar model with
The characteristic equation det(λ I − H) = 0 reduces to λ 2 = a 2 ρ +qb 2 r (1−γ) 2 . Therefore, H has eigenvalues with zero real parts if and only if a = ρ/2 and γ = 1 when b = 0 and q > 0.
Example 2: We continue with the system in Example 1 for the case a = ρ/2 and γ = 1. The SCE equation system now becomes ẋ (t)
wherex(0) is given. We obtain the solution
Example 3: Consider the system given in Example 2. We
The Riccati equation (17) now has the solution X = − √ q/|b r | < 0, and A − b 2 r X = 0 implying X being almost stabilizing, which is due to the two zero eigenvalues of H.
D. Computational Methods for the ARE
Consider ARE (7) . Let H o be defined by (8) . This part describes the numerical method for a stabilizing solution when Q o may not be positive semi-definite. Denote 
where S o is stable; ii) (A o , M) is stabilizable. Then U 1 is invertible and U 2 U −1 1 is real, symmetric and satisfies (7) , and A o − MU 2 U −1 1 is stable. Proof: This proposition holds as a corollary to Theorems 13.5 and 13.6 in [35] under condition ii). In this case the invariant subspace of H o associated with the n stable eigenvalues is a (complex) graph subspace, and U 1 is necessarily invertible.
In fact, by Proposition 1, there exists X satisfying (7) such that A o − MX is stable. It is straightforward to verify [6] 
Remark 2:
Since H o has n eigenvalues in the open left and right half planes, respectively, there exist U 1 ,U 2 to satisfy condition i) in Proposition 6.
A similar method of using invariant subspace to solve a discrete-time algebraic Riccati equation was presented in [27] , where the state weight matrix Q is positive semidefinite.
To apply Proposition 6 to numerically solve the ARE, one needs to first find a set of basis vectors of the stable invariant subspace of H o . Now we introduce a convenient method to find such a set of vectors. 
III. EXTENSION TO MEAN FIELD GAMES
We consider a Nash game of N players with dynamics and costs given by (1)-(2). By mean field game theory [13] , [14] , [15] , the decentralized strategies for the game may be designed by using the following ODE system:
wherex(0) = x 0 is given. Definex = e −ρt/2x ands = e −ρt/2 s. We obtain
Notice that QΓ is generally asymmetric and the coefficient matrix in (21)- (22) does not have a Hamiltonian structure. However, we can apply the invariant subspace method in Section II-C to find a solution (x, s) ∈ C ρ/2 ([0, ∞), R 2n ). Denote
where M 11 and −M 22 are stable. Then for any given x 0 in (19)- (20) , there exists a unique
Proof: The theorem follows from Lemma 4.
IV. NUMERICAL EXAMPLES
A. Riccati Equation and SCE Equation System
Consider ARE (17) , where A = A − BR −1 B T Π − ρ 2 I. We compute the stabilizing solutions of (3) and (17) and further solve the SCE equation system. In the examples, we specify the system parameters, including the matrix A, which further determine A . The computation follows the notation in Theorem 5 and its proof.
Example 4: Consider the scalar system: A = 2, B = 1, Q = 2, R = 1, η = 1, ρ = 1, Γ = 1 and the initial condition x 0 = 1. We have Q Γ = Q > 0 and Π = 3.5616. The SCE equation system (4)- (5) The eigenvalues of H are −1.5 and 1.5, which have no zero real parts. By solving (17) using Schur vectors, we obtain X + = −0.5615 and A C = −1.5.
5615. Under the initial condition (x 0 , s 0 ) = (1, −0.5615), we obtain (x(t), s(t)) = (e −t , −0.5616e −t ) ∈ C 1/2 ([0, ∞), R 2 ). Example 5: Consider the system with parameters
and initial condition x 0 = 1 1 . We have Q Γ = 0.5 0.5 0.5 0 . We select
For the initial condition (1, 1, 2.3185, −3.7513), we compute the solution (x, s) which is displayed in Fig. 1 .
1) Comparison:
We compare with a fixed point method, which is used to analyze the SCE equation system by verifying a contraction condition in [15] . Consider (10) . By the method in [15] , [24] , the solutionx(t) is a fixed point to the equation
where we look for x(·) ∈ C b ([0, ∞), R n ), i.e., the set of bounded and continuous functions on [0, ∞) with norm |x| ∞ = sup t≥0 |x(t)|. The fixed point exists and is unique if there exists β ∈ (0, 1) such that |Ψ (x) −Ψ (y)| ∞ ≤ β |x − y| ∞ . Let · denote the Frobenius norm. We have the estimate
We note that the upper bound estimate may not be tight.
For Example 5 with γ = 2, we numerically obtain β = 6.34694 > 1, which does not validate the contraction condition. If we set γ = 0.05 instead, then β = 0.736681 < 1 implying the contraction condition.
B. The Mean Field Game
The next example uses the Schur decomposition for a general square real matrix. V. CONCLUSION This paper develops a methodology to prove the existence and uniqueness of the solution of the LQ social optimization problem when the corresponding Hamiltonian matrix has no eigenvalues on the imaginary axis. We also develop a numerical method for solving the ODE system by applying an invariant subspace method. We further extend the invariant subspace method to solve LQ mean field games.
